Abstract. In this note, we give a necessary and sufficient condition for the properness of moment maps for representations of quivers. We show that the moment map for the representations of a quiver is proper if and only if the quiver is acyclic, that is, it does not contain any oriented cycle.
Introduction
Moment maps play an important role in the study of the geometry of moduli spaces and quotient spaces. For example, the Morse theory of the norm-square of the moment map for a symplectic action of a compact Lie group on a symplectic manifold determines the Morse stratification of the manifold [5] . Moment maps are the key ingredients of Marsden-Weinstein reduced spaces, which include, as important examples, several kinds of moduli spaces. In [7] , Sjamaar and Lerman have shown that singular Marsden-Weinstein reduced spaces are symplectic stratified spaces, without any assumption on the moment map. In [6] , Sjamaar shows that the reduced space of a reductive group action on a Kähler manifold is a complex space and exhibits a Kähler stratification if the moment map is admissible, where by admissibility we mean that for every point of the manifold, the path of steepest descent through that point is contained in a compact set. He further shows that there exists a positive holomorphic line bundle (in the sense of Grauert) on this reduced space if the moment map is proper, thus proving that the reduced space is a complex projective variety. A proper moment map is always admissible.
Several authors have studied the moment maps for the representations of quivers. In [1] , Crawley-Boevey considers algebraic moment maps on the cotangent bundle of the representation space of a quiver, and has given a criterion for their flatness, and a stratification of their Marsden-Weinstein reductions. Using gradient flow lines for the norm-square of the moment map, Wilkin, in [8] , has obtained a Hecke correspondence which is used in the construction of the generators of Kac-Moody algebras. Harada and Wilkin [3] have studied the Morse theory of the norm-square of the moment map in detail. They have shown that the moment map for the representations of quivers is indeed admissible. In [4, Proposition 3.1], Hausel and Proudfoot give a sufficient condition for the properness of the moment map for quiver representations.
In [2] , the authors have studied some holomorphic and symplectic aspects of representations of finite quivers. Using the formalism of that paper, we show that the sufficient condition for the properness of the moment map given by Hausel and Proudfoot is also necessary. We also give another proof of the sufficiency.
The first section is devoted to the preliminaries required to prove the main results, namely Proposition 2.1 and Proposition 2.5, of this note. The details of the contents of Section 1 can be found in [2] .
Preliminaries

1.A. Quivers and their representations
A quiver Q is a quadruple (Q 0 , Q 1 , s, t), where Q 0 and Q 1 are sets, and s : Q 1 → Q 0 , and t : Q 1 → Q 0 are functions. The elements of Q 0 (resp., Q 1 ) are called the vertices(resp., arrows) of Q. For any arrow α of Q, the vertex s(α)(resp., t(α)) is called the source(resp., target) of α. If s(α) = a and t(α) = b, then we say that α is an arrow from a to b, and write α : a → b. The quiver Q is said to be vertex-finite(resp. arrow-finite) if the set Q 0 (resp.,Q 1 ) is finite, and finite if it is both vertex-finite and arrow-finite. The quiver (∅, ∅, s, t), where s and t are the empty functions, is called the empty quiver. We say that a quiver Q is non-empty if it is not equal to the empty quiver, or equivalently, if the set Q 0 of its vertices is non-empty.
A path of length
, where α k ∈ Q 1 for all 1 ≤ k ≤ l, with s(α 1 ) = a, t(α k ) = s(α k+1 ) for each 1 ≤ k < l, and finally t(α l ) = b. Such a path is denoted briefly by α 1 α 2 · · · α l , and may be visualised as follows
A path of length l ≥ 1 is called a cycle whenever its source and target coincide. A cycle of length 1 is called a loop. A quiver is called acyclic if it contains no cycles.
Let k be a field. A representation of Q over k is a pair (V, ρ), where V = (V a ) a∈Q 0 is a family of finite-dimensional k-vector spaces, and ρ = (ρ α ) α∈Q 1 is a family of k-linear maps ρ α :
, and (X, τ ) are three representations of Q, f a morphism from (V, ρ) to (W, σ), and g a morphism from (W, σ) to (X, τ ), then the composite of f and g is the family g • f defined by g • f = (g a • f a ) a∈Q 0 . The composite of f and g is a morphism from (V, ρ) to (X, τ ). We thus get a category Rep k (Q), whose objects are representations of Q over k, and whose morphisms are defined as above.
1.B. The group action
Let Q be a non-empty finite quiver. From now onward we will consider only complex representations of Q. Let d = (d a ) a∈Q 0 be a non-zero element of N Q 0 , and fix a family
Then, for each ρ ∈ A, we have a representation (V, ρ) of Q. conversely, for every representation (W, σ) of Q, such that dim(W, σ) = d, there exists an element ρ of A, such that the representations (V, ρ) and (W, σ) are isomorphic. We give the vector space A, usually called the representation space of Q with dimension vector d, the usual topology, and the usual structure of a complex manifold.
Let G be the complex Lie group a∈Q 0 Aut C (V a ). There is a canonical holomorphic linear right action (ρ, g) → ρg of G on A, which is defined by
for all ρ ∈ A, g ∈ G, and α ∈ Q 1 . For all ρ, σ ∈ A and g ∈ G, we have σ = ρg if and only if g is an isomorphism of representations of Q, from (V, σ) to (V, ρ). In other words, two points ρ and σ of A lie on the same orbit of G if and only if the representations (V, ρ) and (V, σ) of Q are isomorphic. Thus, the map which takes every point ρ of A to the representation (V, ρ) induces a bijection from the quotient set A/G onto the set of isomorphism classes of representations (
Denote by H the central complex Lie subgroup of G consisting of all elements of the form ce, as c runs over C × , where e = (1 Va ) a∈Q 0 is the identity element of G. Let G denote the complex Lie group H\G, π : G → G the canonical projection. Note that the action of G on A induces a holomorphic right action of G on A.
The Lie algebra Lie(G) of G is the direct sum Lie algebra a∈Q 0 End C (V a ), where, for each a ∈ Q 0 , the associative C-algebra End C (V a ) is given its usual Lie algebra structure. Note that Lie(G) has a canonical structure of an associative unital Calgebra, and that G is the group of units of the underlying ring of Lie(G), and is open in Lie(G). The Lie algebra of H is the Lie subalgebra of Lie(G) consisting of all elements of the form ce, as c runs over C.
1.C. Moment maps
Let (X, Ω) be a smooth symplectic manifold, and K a real Lie group. Suppose we are given a smooth symplectic right action of K on X. A moment map for the action of K on X is a smooth map Φ : X → Lie(K) * , which is K-invariant for the coadjoint action of K on Lie(K) * , and has the property that H(Φ ξ ) = ξ ♯ for all ξ ∈ Lie(K), where Φ ξ is the smooth real function x → Φ(x)(ξ) on X, ξ ♯ is the vector field on X induced by ξ, and the symbol H(f ) denotes the Hamiltonian vector field of a smooth real function f on X, which is, by definition, the unique smooth vector field on X, such that Ω(x)(H(f )(x), w) = w(f ) for all x ∈ X and w ∈ T x (X), T x (X) being the tangent space of X at x.
Let Ω be a symplectic form on a finite-dimensional R-vector space V . Since the tangent space of V at any point is canonically isomorphic to V itself, Ω defines a smooth 2-form on V , denoted by Ω itself. In any linear coordinate system on V , Ω can be expressed as a form with constant coefficients, so d Ω = 0. Therefore, (V, Ω) is a symplectic manifold.
Suppose that we are given a smooth symplectic linear right action of a real lie group K on V . For any element ξ of Lie(K), let ξ ♯ be the vector field on V induced by ξ; then ξ ♯ is an R-endomorphism of V , and Ω(ξ
for all x ∈ V and ξ ∈ Lie(K).
Lemma 1.1. [2, Lemma 6.1] The map α → Φ α is a bijection from the set of Kinvariant elements of Lie(K) * onto the set of moment maps for the action of K on V .
We fix a family h = (h a ) a∈Q 0 of Hermitian inner products h a : V a × V a → C. Thus, for every point ρ ∈ A, h is a Hermitian metric on the representation (V, ρ) of Q.
For any two finite-dimensional Hermitian inner product spaces V and W , we have a Hermitian inner product ·, · on the C-vector space Hom C (V, W ), which is defined
In particular, the family h induces a Hermitian inner product ·, · on the C-vector space Hom C (V a , V b ) for all a, b ∈ Q 0 . We give Lie(G) the Hermitian inner product ·, · which is the direct sum of the Hermitian inner products ·, · on End C (V a ) as a runs over Q 0 . Similarly, we give A the Hermitian inner product ·, · which is the direct sum of the Hermitian inner products ·, · on Hom C (V s(α) , V t(α) ) as α runs over Q 1 . For each ρ ∈ A, the C-vector space T ρ (A) is canonically isomorphic to A. We thus get a Hermitian metric g on the complex manifold A, defined by g(ρ)(σ, τ ) = σ, τ for all ρ, σ, τ ∈ A, where ·, · is the Hermitian inner product on A. The fundamental 2-form Ω of g is given by Ω(ρ)(σ, τ ) = −2ℑ( σ, τ ) for all ρ, σ, τ ∈ A, where ℑ(t) denotes the imaginary part of a complex number t. Clearly d Ω = 0. Therefore, the Hermitian metric g on A is Kähler. For each a ∈ Q 0 , let Aut(V a , h a ) denote the subgroup of Aut C (V a ) consisting of C-automorphisms of V a which preserve the Hermitian inner product h a on V a , and K the compact subgroup a∈Q 0 Aut(V a , h a ). The action of K on A induced by that of G preserves the Hermitian inner product ·, · , and hence the Kähler metric g on A. Similarly, the action of K on Lie(G) induced by that of G preserves the Hermitian inner product on Lie(G). The Lie algebra Lie(K) of K is the real Lie subalgebra
End(V a , h a ) of Lie(G), where, for each a ∈ Q 0 , End(V a , h a ) is the real Lie subalgebra of End C (V a ) consisting of C-endomorphisms u of V a that are skew-Hermitian with respect to h a , that is,
for all x, y ∈ V a . The Hermitian inner product ·, · on Lie(G) restricts to a real inner product on Lie(K), which is given by ξ, η = − a∈Q 0 Tr(ξ a • η a ) for all ξ, η ∈ Lie(K). If a, b ∈ Q 0 , and f ∈ Hom C (V a , V b ), let f * ∈ Hom C (V b , V a ) be the adjoint of f with respect to the Hermitian inner products h a and h b on V a and V b , respectively. For every point ρ of A, and a ∈ Q 0 , and a rational weight
and let L θ (ρ) be the element (L θ (ρ) a ) a∈Q 0 of Lie(K). Define a map Φ θ : A → Lie(K) * by Φ θ (ρ)(ξ) = ξ, L θ (ρ) for all ρ ∈ A and ξ ∈ Lie(K), where ·, · is the real inner product on Lie(K). * , which is defined by α(ξ) = ξ, η for all ξ ∈ Lie(K). Then,
for all ρ ∈ A and ξ ∈ Lie(K). In particular, Φ θ is a moment map for the action of K on A. The action of K on A induced by that of G on A preserves the Kähler metric g on A. Also, there exists a unique map Φ : A → Lie(K) * , such that
for all x ∈ A (see [2, proof of Corollary 6.4]). The map Φ is a moment map for the action of K on A.
Properness of Moment maps
In this section, we give the main result of this note. We show that the moment map is proper if and only if the quiver does not contain any cycle. We retain the notation used in Section 1. Thus, Q = (Q 0 , Q 1 , s, t) is a non-empty finite quiver, d = (d a ) a∈Q 0 a non-zero element of N Q 0 , and V = (V a ) a∈Q 0 a fixed family of C-vector spaces, such that dim C (V a ) = d a for all a ∈ Q 0 . The representation space Hom C (V s(α) , V t(α) ) is denoted by A while the family (h a ) a∈Q 0 of Hermitian inner products h a : V a × V a → C is denoted by h. In addition, a rational weight θ ∈ Q Q 0 of Q is also fixed. Also, recall that G is the complex Lie group a∈Q 0 Aut C (V a ), with its canonical holomorphic linear right action on A, and K the compact subgroup , h a ) of G, where, for each a ∈ Q 0 , Aut(V a , h a ) is the subgroup of Aut C (V a ) consisting of C-automorphisms of V a which preserve the Hermitian inner product h a on V a . Let Φ = Φ θ : A → Lie(K) * be the moment map for the action of K on A as given by Lemma (1.2).
2.A. A necessary condition for properness
We start by observing that the moment map Φ, in general, need not be a proper map. To see this, let us assume that the quiver Q contains a loop at some vertex; let β ∈ Q 1 be a loop at a vertex b ∈ Q 0 . Also assume that d b = 0.
For each n ∈ N, let ρ(n) = (ρ α (n)) α∈Q 1 be the representation of Q defined by
We identify Lie(K) * with Lie(K) using the canonical inner product on Lie(K). The element Φ θ (ρ) of Lie(K) * can then be identified with the element
for all a ∈ Q 0 . Clearly A(ρ(n)) a = 0 for all a ∈ Q 0 and for all n ∈ N. Hence
The above observation can be generalised to the case when the quiver Q does not contain any cycle. Proposition 2.1. Suppose that Q contains a cycle α 1 α 2 · · · α l of length l ≥ 1, where
Proof. For each n ∈ N, we define an element ρ(n) = (ρ α (n)) α∈Q 1 of the representation space A of Q by setting
Here we have fixed bases for the vector spaces V a (a ∈ Q 0 ), and identified Hom C (V s(α) , V t(α) ) with the space of d t(α) × d s(α) matrices over the field of complex numbers. We then have A(ρ(n)) a = 0 for all a ∈ Q 0 and for all n ∈ N. Hence
for all n ∈ N. Thus, by the argument as before this proposition Φ is not a proper map.
2.B. Sufficiency of the condition
In this subsection, we show that the condition of the Proposition (2.1) is also sufficient. Before we prove it, let us see, as an example, that the moment map is proper when Q is a Kronecker n-quiver.
Remark 2.2. Let A be an n × n Hermitian matrix. Then, by the Cauchy-Schwarz inequality,
Lemma 2.3. Let n be an integer ≥ 1, and Q the Kronecker n-quiver. Then, the moment map Φ is proper.
and the moment map is given by
If either d a = 0 or, d b = 0 then A = 0, and we have nothing to prove. So, we assume that d a , d b = 0. Using Remark (2.2), and the fact that
Thus we see that every unbounded set in A is mapped to an unbounded set in Lie(K) by the map Φ. Hence Φ is a proper map.
Lemma 2.4. Suppose that Q is arrow-finite, and acyclic. Then, there exists an arrow β ∈ Q 1 such that s(β) = t(α) for all α ∈ Q 1 .
Proof. Let us start with an arbitrary arrow α ∈ Q 1 . Rename α to α 1 and say α 1 : a 1 → a 0 . Since Q has no cycles, in particular no loops, s(α 1 ) = a 1 = a 0 = t(α 1 ). If s(α 1 ) = t(α) for all α ∈ Q 1 \ {α 1 } then we are done. If s(α 1 ) = t(α) for some α ∈ Q 1 \ {α 1 }, rename α to α 2 and say α 2 : a 2 → a 1 . Now a 2 = a 1 ⇒ α 2 is a loop, and a 2 = a 0 ⇒ α 2 α 1 is a cycle of length 2. Therefore, by the hypothesis s(α 2 ) = t(α 1 ), t(α 2 ).
If s(α 2 ) = t(α) for all α ∈ Q 1 \ {α 1 , α 2 } then we are done. If s(α 1 ) = t(α) for some α ∈ Q 1 \ {α 1 , α 2 }, rename α to α 3 and say α 3 : a 3 → a 2 .
Continuing this process, after a finite steps we arrive at the desired result because the set Q 1 is finite. For, otherwise, by repeating the above procedure we get a path of infinite length, which contradicts the assumption that Q 1 is a finite set.
Proposition 2.5. Let Q = (Q 0 , Q 1 , s, t) be an acyclic finite quiver. Then the moment map Φ is proper.
Proof. The proof is by induction on the cardinality card(Q 1 ) of Q 1 . If card(Q 1 ) = 1, then the acyclic quiver Q can be thought of as a Kronecker 1-quiver with some extra vertices which do not contribute to the representation space A = Hom
Thus by the method of Lemma(2.3), it follows that Φ is proper. Let us assume that the proposition holds if card(Q 1 ) < n. We want to show that the statement is true if card(Q 1 ) = n.
Let β ∈ Q 1 be a fixed arrow and B the subspace α∈Q 1 \{β} Hom C (V s(α) , V t(α) ) of A. Then, B is K-invariant, Ω| B is a Kähler form on B, and Ψ = Φ| B is a moment map for the K-action on B.
Let
. Then, the representation space of Q ′ with dimension vector d is canonically identified with B as a Kähler K-manifold. Therefore, by the induction hypothesis, Ψ is proper. Now assume that W is a compact set in Lie(K). We shall show that Φ −1 (W ) is compact in A. Since A and Lie(K) are finite dimensional normed spaces, there exists M ∈ R such that Φ(ρ) ≤ M for all ρ ∈ Φ −1 (W ) ⇒ Φ(ρ) a ≤ M for all ρ ∈ Φ −1 (W ) and for all a ∈ Q 0 .
We also have the relation Let us choose β to be that arrow in Q such that s(β) = t(α) for all α ∈ Q 1 , which is possible by virtue of the Lemma (2.4). We then have
Therefore, using Remark (2.2), we get
.
Thus we see that for Φ(ρ) to lie inside a compact set it is necessary that ρ β lies inside a bounded set. Hence we get Ψ(π(ρ)) a ≤ M 1 for some M 1 ∈ R and for all a ∈ Q 0 , ρ ∈ Φ −1 (W ). Since Ψ is proper, π(ρ) ≤ M 2 for some M 2 ∈ R and for all ρ ∈ Φ −1 (W ). But
for all ρ ∈ A. Therefore Φ −1 (W ) is a bounded set in A and is hence compact. This completes the proof. where T e (π K ) * is the dual map of T e (π K ), is commutative. Since Lie(K) * and Lie(K) * are finite dimensional vector spaces and T e (π K ) is surjective, T e (π K ) * is injective with a closed image and hence is a proper map. Since Lie(K) * is Hausdorff, it follows that Φ is proper if and only if Φ is proper. Therefore, Φ is proper if and only if Q is acyclic.
